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Let pkn denote the number of unlabeled posets with n points and k unrelated pairs. We show that for k <n, these numbers satisfy a recursion formula of the form pkn = &~~p~_~,~_,_,, where the coefficients cj can be computed if the numbers qjm of all ordinally indecomposable posets with m points and j unrelated pairs are known for m -1 <j G k. The crucial lemma for the proof states that (lim = 0 for j cm -1. From the recursion formula it follows that pkn is a polynomial of degree k in the variable n and that pa. 2 (" ; ') with asymptotic equality for fixed k. For small values of k, we determine these polynomials explicitly.
At the other end of the scale, we find that 9n-,,n = 2"m3 for n 3 3. Similar results are obtained for the number of labeled posets with a fixed linear extension and a given number of unrelated pairs.
Recently, Culberson and Rawlins [2] have developed a fast algorithm for computing the number pk,, of unlabeled (i.e., isomorphism classes of) posets with a given number 12 of points and a fixed number k of unrelated ('incomparable') pairs, i.e., two-element antichains. Using this algorithm, they have obtained a complete list of these numbers for all n G 15 and k G 14. On account of this numerical material, they have conjectured that for k < n, the numbers pkn satisfy a formula of the following form:
with n points and less than n -1 unrelated pairs must be connected. But as we shall see soon, not the decomposition into (connected) components is relevant for this phenomenon, but the decomposition into ordinal summands. We shall show that in fact an identity of the form (* ) exists, although the computation of the coefficients ck is rather tedious and requires the knowledge of the numbers qjm of all unlabeled ordinally indecomposable posets (see below) with m points and j incomparable pairs for m -1 s j s k.
For a given finite poset P, we denote by II or np the cardinality of the underlying set, < or sp the partial order of P, d or dr the number of unrelated doubletons (incomparable pairs) in P.
Thus (';) -d is the cardinality of the relation < (considered as a subset of P x P).
The ordinal sum Q CD R of two posets Q and R is the disjoint union of the underlying sets of Q and R, respectively, partially ordered by xsaeRy iff XCay or x6,y or (x,Y)EQxR.
In other words, the ordinal sum is obtained by placing R above Q. A poset P is said to be (ordinally) decomposable if P is empty or P = Q 03 R for suitable non-empty posets Q and R, otherwise (ordinally) indecomposable. By induction one shows easily that each finite poset P has a unique representation P=Q,@..-03Qm
into non-empty ordinally indecomposable summands Qi. Our first result puts the evident observation that posets with many comparable pairs must be ordinally decomposable into a more precise framework.
Lemma 1. If a finite poset P is ordinally indecomposable then:
(1) for any two maximal elements x, y E P, one of the subposets P -{x} and P -{y} is ordinally indecomposable, (2) dr 3 np -1.
Proof. Since every poset has a linear extension, we may assume that P = (g, =~r), that x spy implies x c y in the natural order of 0 = { 1, . . . , n}, and that the elements n -1 and n are maximal. Of course, P -{x} denotes the subset n -{x} together with the order induced from Go.
(1) Assume P -{n} and P -{n -1} are ordinally decomposable, say P-{n}={l,2 ,... ,k}@{k+l,.. . ,n-1}, P-{n-1)=(1,2 ,... ,m}@{m+l,..., n-2,n).
(Notice that in any ordinal decomposition P -{x} = Q CB R, we must have q c r forallqeQandreR.) . . ,n}.
In both cases, we obtain a contradiction to the indecomposability of P. Hence, either for x = n or for x = n -1, the subposet P -{x} is indecomposable. By duality, P -(1) or P -(2) is indecomposable, too.
(2) This follows from (1) by induction on np: if n > 1, choose a maximal x E P such that P -{x} is indecomposable.
Then the induction hypothesis yields dp-(x) 3 np -2, and since x cannot be the greatest element of P (otherwise P would be decomposable), d, 2 dp_cxj + 1 Z= nP -1. Cl
Of course, the lower bound n -1 for the number d of unrelated pairs in an indecomposable poset is the best possible, since the disjoint union of a singleton and an (n -1)-element chain satisfies d = n -1.
Observing that every finite poset P has a unique representation
where Q is indecomposable, and that
we obtain immediately a recursion formula for the numbers pkn in terms of the corresponding numbers qkn of unlabeled indecomposable posets with n points and k unrelated pairs. Thus, poo = 1 but qW=qkO=pkD=Ofor Comparing coefficients leads to the following explicit expression for the numbers q,_, in terms of the numbers pk,, and vice versa. Using Lemma 2 and the numerical tables for the coefficients Pk,, given in [2], we can compute backwards the coefficients qk,, for k G 14: see Table 1 . Evidently, the diagonal elements are powers of 2. Indeed, Lemma 1 provides an easy proof for this observation. Here, as usual, 1x1 denotes the least integer upper bound of x. The proof is similar to that of Proposition 4') which will be given later on. More involved is the computation of the diagonal elements qnn. A careful distinction of several cases, combined with an iterated application of Lemma 1, leads to (cf. The usual method of comparing coefficients yields the following result. In terms of generating functions, the proof would become a bit more elegant, but this would require a few extra definitions and arguments.
Notice that
From Theorem 7 it follows by induction that for k c n, the function pkn is a polynomial of degree k in the variable n. Moreover, concrete computation shows that pkn is a sum of binomial coefficients multiplied by certain integers:
where the coefficients akj can be determined recursively from the 'diagonal sequence' pkk and the numbers ck (see [3] ): Explicitly, one obtains the following identities (see Table 2 It is easy to see that qkn a qk-l,n-1, and with the help of Lemma 6, it follows that the sequence (ck) is monotone increasing. This together with Theorem 7 gives the inequality Pkn apk,n-l +Pk-l,n-1.
Thus we obtain the following. corohy 8. pk,, 2 (" k ') for k < n. Hence the number of unlabeled posets with n points and less than n incomparable pairs is at Least 2R-'.
The actual numbers are 1,2,4,11,32,96,311,1043,3567, . , . and this sequence seems to increase faster than 3"-2. Now let us turn to a slightly different situation and consider all natural orders on n = {l, . . . , n}, that is, all posets P = (n, So) such that x spy implies x s y in the usual order for natural numbers (cf. Avann [l] ). The number of (labeled) naturally ordered sets with n points and k unrelated pairs is denoted Pnk, and similarly Qnk denotes the corresponding number of ordinally indecomposable naturally ordered sets. A straightforward inspection shows that all previous results on the numbers pkn and qkn have strict analogues for the numbers Pkn and Q kn, respectively. For example, the same arguments as for Lemma 2 show the following. Again, this formula in connection with the table for the coefficients Pkn presented in [2] yields explicit values of the numbers Qk,, for k C 12 and all n, see Table 3 .
The diagonal of Table 3 suggests the following observation.
Proposition 4'. Qn-l,n = 3"-'for n > 1.
Avann [l] claimed to have a 'lengthy but not complicated' proof for this formula. Lemma 1 provides a rather succinct argument: Let .S?(k, n) denote the set of all indecomposable naturally ordered sets with n points and k unrelated pairs. By Lemma 1, each P E S!(n -1, n) has exactly two maximal elements, m and It. One of them is related to all points but one, and the other to exactly Table 3 The numbers Qkn for k s 12 at -2 points (otherwise, P would be decomposable, or dp_(x) s d, -2 = it -3 < n,_{,) -1 for x = rrr or x = n contradicting Lemma 1). Thus, for 12 2 3, we can construct all posets in ?!(n -1, n) from those in Z!(n -2, it -1) as follows:
(1) To each Q E S(n -2, it -1) add n as a new maximal element, putting it above all points of Q except one (which must be maximal). Since Q has exactly two maximal elements, this produces 2Qn_-2,n_-l members of Z?(n -1, n).
(2) Replace in each poset Q E .S(n -2, it -1) the point n -1 by n, and then join n -1 with all points except IZ. This contributes a further amount of Qn_2,n_-1 posets to 2(n -1, n).
In this way, each poset in %(n -1, n) is obtained exactly once, either by (1) (namely if n dominates all but one point) or by (2) (namely if IZ -1 dominates all points except n). Hence Qn_i," = 3Q2n_-2,n_-1, and the obvious identity Q(1, 2) = 1 concludes the proof. In the same way, but with more effort, one can show the following. In complete analogy to Theorem 7, we have the following result. Here, as in the unlabeled case, we set $<XP Y) = C i Qk.k-i+lXkYi, k=O i=O and as before, it is possible to compute recursively the coefficients ck from the numbers Qkn. The first values of ck are 1, 1, 3, 10, 39, 159, 685, 3042, 13860, 64393, 303949, 1453428, 7025982,... Pz, = Pz,,-~ + Pb-2 + SX,-2 fin = P3,n-1 + P2,n-2 + ~PI.,-2 + lW,n-s
As in the unlabeled case, for fixed k, the numbers Pkn are polynomials of degree k in the variable a (n 3 k) and may be written as certain sums of binomial coefficients multiplied by polynomials in k. For example, P", = n ; 1 ( ) PI, = (n ; ') P*"=(";l)+ 2(";2)
Px"=("J+ 4(n;2)+ 5(n;3)+ (",4)
P4n=(";1)+ 6(n;2)+14(n;3)+ 19("r4)+ ll("a') Psn=(",')+ 8(n;2)+27(n;3)+ 57(n;4)+ 80(n;5)+ 70(n;6) P~=("61)+10(n;2)+44(n43)+l23(n54)+246(n15)+374(n;6)+423(nO7)
where A, is a polynomial of degree j in the variable k (see Table 4 
